ABSTRACT. General conditions for the unique solvability of a non-linear nonlocal boundary-value problem for systems of non-linear functional differential equations are obtained. The main goal of this paper is to establish new general condition sufficient for the unique solvability of the non-local non-linear boundary-value problem (2) for the non-linear functional differential equations (1). For non-linear functional differential systems determined by operators that may be defined on the space of the absolutely continuous functions only, we prove several new theorems close to some results of [2, 5, 7, 14, 15, 13, 12] .
Introduction
We consider the non-local boundary-value problem u k (t) = (f k u)(t), t∈ [a, b] , k = 1, 2, . . . , n, (1) u k (a) = ϕ k (u), k= 1, 2, . . . , n,
where 
Notation
vrai min ξ∈ [a,b] u k (ξ) ≥ 0 for all k = 1, 2, . . . , n . (4) Ò Ø ÓÒ 1º (see, e.g., [1] )] A vector function u = (u k ) n k=1 : [a, b] → R n is said to be a solution of the problem (1), (2) if it satisfies system (1) almost everywhere on the interval [a, b] and possesses property (2) .
A special class of linear operators is essentially used in what follows.
Ò Ø ÓÒ 2º Let h = (h k )
n k=1 : D ([a, b] , R n ) → R n be a linear mapping. We say that a linear operator p = (p k )
, R) and {c k : k = 1, 2, . . . , n} ⊂ R and, moreover, the solution of (5), (6) possesses the property min
whenever the functions q k , k = 1, 2, . . . , n, and the constants c k , k = 1, 2, . . . , n, appearing in (5) and (6) are non-negative.
We shall use in the sequel a natural notion of positivity of a linear operator.
Main result

Ì ÓÖ Ñ 1º Assume that there exist certain linear operators
the estimates
and
are true. Furthermore, assume that the following inclusions are fulfilled:
Then the boundary-value problem (1), (2) has a unique solution.
Remark 1º Theorem 1 implies, in particular, [5, Theorem 1] .
The proofs of Theorem 1 and the results stated in the next section are given in Section 6.
Corollaries
The following statements are true.
ÓÖÓÐÐ ÖÝ 1º Assume that there exist certain linear operator
are true for any absolutely continuous functions u and v with property (8) .
Ì ÓÖ Ñ 2º Let there exist linear operators
and such that the inequalities 
n, which satisfy (10).
Then the boundary-value problem (1), (2) Ì ÓÖ Ñ 3º Assume that there exist some positive linear operators
n ) with the properties (8) and there exist linear functionals h ik :
. . , n, which satisfy (10) . Moreover, let there exist some θ ∈ (0, 1) such that the inclusions
be true.
NON-LINEAR NON-LOCAL BOUNDARY-VALUE PROBLEM
Remark 3º Theorem 3 generalizes [3, Theorem 2] and [14, Theorem 2].
Theorem 3 allows one to obtain the following two corollaries. 
ÓÖÓÐÐ ÖÝ 2º Let there exist certain positive linear operators
. . , n, which satisfy (10) , and, moreover, the inclusions
hold.
Then the boundary-value problem (1), (2) has a unique solution. 
ÓÖÓÐÐ ÖÝ 3º Let there exist certain positive linear operators
are true. Then problem (1), (2) has a unique solution.
Some conditions sufficient for the fulfillment of inclusions of type (18), (19), and (20) can be derived, in particular, from the results of [11, 13] . In the case of the Cauchy problem, one can refer, e.g., to [2, 5, 6, 3, 16] and references therein.
Auxiliary statements
Let us consider the abstract operator equation
and, furthermore, the relation
is true. By definition, the cone K is reproducing in E if and only if an arbitrary element x from E can be represented in the form x = u − v, where u and v belong to K (see, e.g., [8, 9] ). (3) and (4) in Section 2).
is a normal and reproducing cone in the space
D([a, b], R n ).
P r o o f. The assertions of Lemma 1 follow immediately from the definitions of the sets
The next lemma establishes the relation between the property described by Definition 2 and the positive invertibility of a certain operator. D([a, b] , R n ), consider the equation
NON-LINEAR NON-LOCAL BOUNDARY-VALUE PROBLEM is invertible and, moreover, its inverse
We need to show that equation (27) has a unique solution u for any y and, moreover, its solution u has property (7) if
for all k = 1, 2, . . . , n. Indeed, it is easy to see from notation (25) that an absolutely continuous function u satisfies equation (27) if, and only if
Recalling Definition 2 and taking assumption (24) into account, we conclude that the linear inhomogeneous boundary-value problem (29), (30) is uniquely solvable for arbitrary absolutely continuous functions y k , k = 1, 2, . . . , n. Moreover, condition (24) implies that all the components of the solution of (29), (30) are non-negative for y satisfying (28).
The following statement is an obvious consequence of formula (25).
Ä ÑÑ 3º For arbitrary linear operators p
is true.
Proofs
Proof of Theorem 1
Consider the boundary-value problem (1), (2) . It is obvious that an absolutely continuous vector function
n is a solution of (1), (2) if, and only if it satisfies the equation
N. DILNA -A. RONTO Relation (9) is equivalent to inequalities
Let us define the mapping F : E → E by setting
for any pair {u, v} from D( [a, b] , R n ) with properties (8) . Integrating (35) we obtain that the inequalities
hold for any pair {u, v} from D( [a, b] , R n ) with property (8) . Therefore, for all such pairs, the following inequalities are fulfilled: 
Let us define the linear mappings
for an arbitrary u from D( [a, b] , R n ) and construct the corresponding mappings
This fact that p 1 ∈ S a,h 1 means that V p 1 ,h 1 is invertible and the inclusion
is true. We assume that
. Taking into account Lemmas 2 and 3 we get that the operator
exists and coincides with the inverse operator to
Moreover, this operator is positive in the sense that
The last property means that mapping (39) satisfies condition (23) with K 1 and K 2 defined by the formulae (2) .
Theorem 1 is proved.
Proof of Corollary 1
It is easy to see that inequalities (14) are equivalent to the conditions
and inequalities (13) are equivalent to the relations
for u and v satisfying (8) . Let us put
Considering (44), we find that the operator f admits estimate (9) with the operators p 1 and p 2 defined by formulae (46). Therefore, it remains only to note that assumption (12) ensures the validity of inclusions (11) . Thus, applying Theorem 1 we arrive at the assertion of the corollary.
Proof of Theorem 2
One can verify that condition (16) is equivalent to the relation
for arbitrary functions u = (u k )
Let us put
for any x from D( [a, b] , R n ) and k = 1, 2, . . . , n. Considering relations (47), we find that the operator f admits the estimate (9) with operators l 1 and l 2 defined by formulae (48). Therefore, it remains only to note that assumption (15) ensures the validity of inclusions (11) . Application of Theorem 1 thus leads us to the assertion of Theorem 2.
Proof of Theorem 3
One can check that, under conditions (17), (18), the operators l i : D([a, b] 
n ), i = 1, 2, defined by the formulae
satisfy conditions (15) , (16) 
t∈ [a, b] , k = 1, 2, . . . , n, are true. This means that f admits estimate (16) with the operators p 1 and p 2 defined by formulae (49). Therefore, it remains only to note that assumption (18) ensures the validity of inclusions (15) for operators (49). Applying Theorem 2, we arrive at the required assertion.
Proof of Corollary 2
This statement follows from Theorem 3 in the case where one puts θ := 1 2 .
Proof of Corollary 3
It is sufficient to apply Theorem 3 with θ := 
